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Abstract. Boolean functions with additional structure play an important
role in symmetric cryptography, both for achieving strong cryptographic
properties and for enabling efficient implementations. Recent works on
homomorphic-friendly symmetric primitives, especially in the context of
Hybrid Homomorphic Encryption, highlighted the interest of Boolean
functions whose evaluation can be decomposed according to structured
partitions of the Boolean cube. A classical example is given by Hamming-
weight decompositions, which underlie symmetric and weightwise degree-d
Boolean functions. In this work, we generalize this viewpoint by replacing
the Hamming weight with a general integer linear form. Given a vector
v € Z", we partition the Boolean cube Fy by grouping the Boolean
vectors = € F5 according to the value of (v,z) into so-called v-slices, and
study functions that have bounded degree on each of them. We study
how many such slices are needed to describe a given function, and provide
bounds and structural properties for the partitions induced by integer
vectors. We also show how this representation leads to a homomorphic
evaluation strategy in a GSW-like setting, together with noise estimates
for the resulting ciphertexts. Finally, we generalize several symmetric and
weightwise degree-d Boolean functions using different vector families, and
experimentally evaluate their algebraic degree, algebraic immunity, and
nonlinearity. The results show that direct generalizations of symmetric
functions often lose cryptographic strength, while generalized weightwise
degree-d constructions lead to richer and more promising behavior.

Keywords: Boolean Functions - Fully Homomorphic Encryption - Slice
Complexity - Symmetric Cryptography

1 Introduction

Boolean functions are central building blocks in symmetric cryptography. Their
cryptographic strength is measured through parameters linked to known attacks,
such as algebraic immunity [41] against algebraic attacks |17], resilience and
nonlinearity against correlation attacks [50]. These parameters, however, are only
part of the story: in many cryptographic protocols, the function must also admit
efficient evaluation.

This is particularly relevant in Hybrid Homomorphic Encryption (HHE) [44],
where a symmetric primitive is evaluated homomorphically to convert symmetric
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ciphertexts into fully homomorphic encryption ciphertexts |24]. Several HHE-
oriented designs thus aim to make the symmetric encryption scheme homomorphic-
friendly. In stream-cipher-based constructions such as FLIP [37] and FiLIP [36], and
more recently in constructions based on filtered Linear Feedback Shift Registers
(LFSR) [10,[12], the main homomorphic cost is the evaluation of one filtering
Boolean function, while the remaining operations are linear. In the LFSR case, the
noise introduced by the linear recurrence remains controlled, typically growing
by at most a factor proportional to the state size; see, for instance, [2}/12].

Sparse and Hamming- Weight-Based Structures. Early homomorphic-friendly
constructions exploited sparse algebraic representations. In FLIP, the filtering
function is expressed as a direct sum of monomials, allowing functions of relatively
large algebraic degree while keeping homomorphic evaluation practical: each
monomial is evaluated by a multiplication chain, and the results are then summed.
The first FiLIP constructions used a similar direct-sum approach [36], whose
cryptographic properties were further investigated in [9).

Another important direction relies on symmetry and Hamming-weight de-
compositions. Symmetric Boolean functions, whose value depends only on the
Hamming weight of the input, admit dedicated homomorphic evaluation tech-
niques based on MUX circuits [14]29]. Threshold functions can be evaluated
even more efficiently using specialized methods [16}/39]. These techniques connect
naturally with XOR-threshold functions, used in several low-complexity construc-
tions, including variants of Goldreich’s pseudorandom generator [1}/3}/28] and
FiLIP. They also motivated the study of direct sums of symmetric functions for
FiLIP [26].

Symmetric functions suggest a broader Hamming-weight-slice viewpoint,
formalized by weightwise degree-d functions [27]. There, the Boolean cube is
partitioned by Hamming weight, and a low-degree Boolean function is applied
on each slice. This family includes the hidden-weight-bit function (HWBF) [5],
studied cryptographically in [35,[55], as well as recent classes of weightwise
degree-1 and degree-2 functions |11},381|40]. Such structures also appear in the
HHE-oriented cipher Nostalgia [12].

Generalized Slice Decompositions. The above suggests that the useful structure
is not symmetry itself, but rather a partition of the Boolean cube on which the
function has a simple local description. For symmetric and weightwise degree-d
functions, the slices are given by the Hamming weight, equivalently by the integer
inner product (1,,z) for € F%. In this paper, we replace 1,, by an arbitrary
vector v € Z". This partitions the Boolean cube into v-slices, defined by the
integer values of (v, x), and we study Boolean functions whose restrictions to
these slices have bounded degree.

This leads to three questions. Combinatorially, how many slices can an integer
vector induce, and how can this number be bounded? From the Boolean-function
viewpoint, how many slices are needed to represent a given function with bounded
local degree? And cryptographically, can such generalized slices yield structured
Boolean functions with strong parameters and efficient homomorphic evaluation?
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Structured Boolean Functions in Cryptography. Our work fits into the broader
study of structured Boolean functions in cryptography, where additional algebraic
or combinatorial structure is used to combine strong cryptographic parameters
with efficient implementation or analysis. Examples include rotation-symmetric
Boolean functions [18}[23/42,51] and Maiorana—McFarland-type constructions
and variants [30,[52}/53]/54]. Here, the structure comes from partitions of the
Boolean cube induced by integer inner products.

Our Contributions. We generalize the Hamming-weight viewpoint behind sym-
metric and weightwise degree-d Boolean functions by grouping each x € Fj
according to the integer value of (v, z), for a vector v € Z™. This gives a partition
of the Boolean cube into v-slices, and we study functions whose restrictions to
these slices have degree at most d. Our contributions are organized as follows:

- formalizes degree-d slice decompositions and gives a homomorphic
evaluation strategy in GSW-like schemes, together with a noise bound.

- studies the partitions induced by integer vectors: how many slices
a vector can create, how this number can be bounded, and which reductions
preserve it.

- studies how many slices are needed for a degree-d slice description
of a given Boolean function. A main result is a threshold around degree n/2:
for every fixed £ > 0, almost all Boolean functions require exponentially
many slices when d < (1/2 — €)n, while linearly many slices suffice for every
function once d > |n/2].

— Finally, builds generalized symmetric and weightwise degree-d
functions from several vector families. Our experiments on algebraic degree,
algebraic immunity, and nonlinearity suggest that direct generalizations of
symmetric functions tend to lose cryptographic strength, whereas generalized
weightwise degree-d constructions show richer and more promising behavior.

2 Preliminaries

Throughout the paper, we denote by N, Z, Q, R, and Fy the natural numbers
(including zero), the ring of integers, the field of rational numbers, the field of
real numbers, and the field with two elements, respectively. Unless otherwise
stated, n > 1 will denote a fixed positive integer. For two integers a < b, we write
[a,b] = {a,a+1,...,b}. If R is a commutative ring, then we write R for the set
of nonzero elements of R. We denote by R"™ the set of length-n vectors with entries
in R, and for v € R"™ we implicitly denote its entries as v = (v1,...,v,). The
all-ones vector and the zero vector are denoted by 1,, and 0,,, respectively. Given
two vectors v,w € R", we write (v,w) = Y., v;w; € R. When writing (v, z)
with v € Z™ and = € F}, we identify x with its representative in {0,1}™ C Z™.
We recall the notation and terminology for Boolean functions used throughout
the paper; for further background, see [8]. We denote by eq,...,e, € Fy the
standard basis vectors of Fy. For a set A C Fy, we write 14 : Fy — Fy for its
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indicator function, defined by 14(x) =1 if and only if z € A. If A = {a} is a
singleton, we write 1, instead of 1(43.

Definition 1 (Boolean function, support). A Boolean function in n variables
s a function f :Fy — Fo. The set of Boolean functions in n variables is denoted
by B,,. The support of a Boolean function f € B, is the set supp(f) = {x € F} :

f(z) =1}

Definition 2 (Hamming weight, slices). The Hamming weight of a Boolean
vector x € F3, denoted wy(x), is the number of coordinates of x equal to 1, that
is, wy(x) = [{i € [1,n] : ©; = 1}|. For an integer k € [0,n], the k-th slice of the
Boolean cube F% is the set Ey, , = {z € F3 : wy(z) = k}.

Definition 3 (Algebraic normal form, algebraic degree). The algebraic
normal form (ANF) of a Boolean function f € B,, is the unique representation of
f as an element of the quotient ring Fao[xq, ... ,xn]/(m% — 1,72 — xn) :

flx) = Z GIHS%

IC[l,;n] i€l

with coefficients ay € Fo, where the equality is meant for every x € FY. The (alge-
braic) degree is then defined as deg(f) = max{|I|: I C [1,n] and ay # 0} for f #
0 and deg(0) = 0. For a subset A C F%, the (algebraic) degree of a map g : A — Fo
is defined as deg(g) = min{deg(f) : f € B, and f(z) = g(z) for every x € A}.

Definition 4 (Numerical normal form, numerical degree). The numerical
normal form (NNF) of a Boolean function f € B,, is the unique representation of
f as an element of the quotient ring Rz, ... ,xn]/(x% — 1,72 — xn) :

f(@z Z OZIH%I,
IC[1,n] i€l

with coefficients ay € R, where the equality is meant for every x € {0,1}" and
f(x) is identified with its value in {0,1} C R. The numerical degree of f is defined
as degn,m(f) = max{|I] : I C [1,n] and oy # 0} for f # 0 and deg,,,(0) = 0.

Property 1 (/§]). Every Boolean function f € B, satisfies deg,,.(f) > deg(f).

Definition 5 (Annihilator, algebraic immunity [41]). Let f € B, be a
Boolean function. A nonzero Boolean function 0 # g € B, is called an annihilator
of [ if f(z)g(x) = 0 for every x € FY. The algebraic immunity (Al) of f is
defined as:

Al(f) = min{deg(g) : 0 # g € B,, is an annihilator of f or of f + 1}.

Definition 6 (Nonlinearity). The nonlinearity (NL) of a Boolean function
f € By, denoted NL(f), is the Hamming distance between f and the space of
affine functions in B, :

NL(f) = min{[supp(f + g)| : g € B, and deg(g) < 1}.
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3 Slice Complexities and Homomorphic Evaluation

This section introduces the central notions of the paper. Symmetric Boolean
functions, and more generally weightwise degree-d functions [27}38], are naturally
described by partitioning the Boolean cube according to the Hamming weight.
We generalize this viewpoint by replacing the Hamming weight with the integer
inner product against an arbitrary vector v € Z™. This gives rise to a hierarchy
of slice complexities k4(f), which measure how many vector-induced slices are
needed to describe f when the restriction of f to each slice is allowed to have
degree at most d. We also explain why such decompositions are relevant for the
homomorphic evaluation of Boolean functions. General theoretical properties of
these complexities are studied later in

3.1 Constant on Vector Slices

Let us start by recalling the definition of symmetric Boolean functions, a class of
functions which has been thoroughly studied in the context of cryptography; see,
e.g., [4L/6L[7,195113}22}31},32}33} (34} 46,47} 48)/49].

Definition 7 (Symmetric Boolean functions, e.g., [4]). A Boolean function
f € B, is called symmetric if for all x,2" € F} with wy(xz) = wn(z'), we have

f@) = f(2).

Since the Hamming weight of a Boolean vector « € F} can be expressed as
the inner product (1,,z) (over the integers), symmetric functions are precisely
those Boolean functions which are constant on the Hamming-weight slices Ej, ,, =
{z € Fy : (1,,,z) = k} for every k € [0,n]. A natural generalization of symmetric
functions is obtained by replacing the all-1 vector 1,, with an arbitrary vector
veL".

Definition 8 (Slices induced by a vector). We define the image of a vector
v € Z" as the image of the map (v, -) : F§ — Z, that is, Im(v) = {{v,x) : © € F}},
where the inner product is taken over the integers. For an integer k € Z, we
define the k-th v-slice as the set E}, = {z € Fy : (v,x) = k}. The number of
nonempty v-slices is denoted by k(v) = |Im(v)|.

Ezample 1. For instance, for the all-1 vector v = 1,, € Z", we have Im(1,,) =
[0,n], and therefore k(1,) = n+ 1. For k € [0,n], the k-th v-slice is the set of
Boolean vectors of Hamming weight k.

We provide in [Figure 1| and [Figure 2| some illustrations of vector-induced
slices.

Definition 9 (Constant on v-slices). Let v € Z™. A Boolean function f € B,
is called constant on v-slices if for all k € Im(v) and all z,2’ € E}, we have

fz) = f(2).

Ezample 2. The symmetric Boolean functions are precisely those Boolean func-
tions which are constant on 1,-slices.
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Fig. 1. Slices induced by v = 13 containing ~ Fig. 2. Slices induced by v = (1, 1,2) con-
more than one element. taining more than one element.

If f € B, is constant on v-slices, then we find a constant ¢, € Fy for every
k € Im(v) such that f(z) = ¢ for every = € E}. Consequently, we can evaluate f
at any input « € FY by computing f(x) = Zkelm(v) Lgy () - cg. Contrary to the
case of symmetric functions, the question here is not whether f can be expressed
in the above form, but rather how efficiently this can be done, that is, how small
the number k(v) of v-slices can be made.

Definition 10 (Constant slice complexity). For a Boolean function f € B,
the constant slice complexity is defined as follows:

ko(f) = min{k(v) : v € Z" and f is constant on v-slices}.

Remark 1. Note that for a Boolean function f € B, the constant slice complexity
ko(f) is well-defined since there always exists a vector v € Z™ such that f is
constant on v-slices. For instance, if we take v = (17 2,4,..., 2"_1)7 then each
v-slice contains exactly one Boolean vector, and therefore f is constant on it. In
particular, this shows that ko(f) < 2" for every f € B, since Im(v) = [0,2" — 1].

Remark 2. Assume that a Boolean function f € B, is constant on v-slices for
some v € Z". If v; = 0 for some ¢ € [1,n], then the v-slices do not distinguish
between inputs that differ only in the i-th coordinate: for every x € %, we have
(v,z)y = (v,x + ¢;). Hence f(z) = f(x +¢;) for all z € F%, so f does not depend
on the ¢-th variable. Thus, in the constant-slice setting, it is natural to restrict
to vectors with no zero entries.

Ezample 3. Let f € B,, be given by f(x) = x122. We claim that xo(f) = 3. First,
consider the vector v = (1,1,0,...,0) € Z™. Its nonempty slices are Ej = {z €
Fo:21=0=a92},EY ={x € Fy : z14+a2 =1}, and By = {x € F} : 21 = 1 = z3}.
Thus x(v) = 3. Moreover, f is constant on these three slices, with values 0, 0, and
1, respectively. Hence ko(f) < k(v) = 3. Conversely, suppose that f is constant
on w-slices for some w € Z™ with x(w) < 2. Since f(0,) = f(e1) = f(e2) =0
and f(e; + e3) = 1, the vector e; + es cannot lie in the same w-slice as any of
0n, e1, or es. Since there are at most two nonempty w-slices, the vectors 0,,, e1,
and ey must all lie in the other slice. Thus, 0 = (w,0,) = (w, e1) = (w, e2), so
wy; = 0 = wy. But then (w,e; + e3) = w1 + we = 0, so e; + ex lies in the same
w-slice as 0, a contradiction. It follows that ko(f) = 3.
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3.2 Degree-d on Vector Slices

The notion of weightwise degree-d functions, introduced in [27] and further
analyzed in [38], generalizes symmetry by allowing bounded-degree behavior on
each Hamming-weight slice. We recall this definition and then extend it to general
vector-induced slices.

Definition 11 (Weightwise degree-d functions, e.g., [27,/38]). Let d > 0
be an integer. A Boolean function f € B, is called weightwise degree-d if there
exist Boolean functions fi € B, (k € [0,n]) of degree at most d such that for
every x € Fy, we have:

fx) =) 1g,,(2) - ful).
k=0

Definition 12 (Degree-d on v-slices). Let v € Z" be an integer vector and
d >0 be an integer. A Boolean function f € By, is called degree-d on v-slices if
there exist Boolean functions f € By, (k € Im(v)) of degree at most d such that
for every x € FY, we have:

fl@)=">_ ley(@)- fule).

keIm(v)

We are again interested in minimizing the number of slices needed for such a
decomposition.

Definition 13 (Degree-d slice complexity). Let d > 0 be an integer. For a
Boolean function f € B,,, the degree-d slice complexity is defined as follows:

ka(f) = min{k(v) : v € Z" and f is degree-d on v-slices}.

Remark 3. As in the constant-slice setting, the degree-d slice complexity kq(f) is
well-defined for every Boolean function f € B,, and every integer d > 0. Indeed,
again taking v = (1, 2.4,..., 2"‘1)7 f is constant (and hence of degree at most
d) on each v-slice. In particular, this shows that x4(f) < 2".

Remark 4. In contrast to the constant-slice setting, zero entries in the vector v
are not necessarily degenerate for degree-d slice decompositions. Indeed, if v; = 0,
then the v-slices do not distinguish between inputs that differ only in the i-th
coordinate, but the degree-d functions f; may still depend on the i-th coordinate.
Thus, for d > 1, vectors with zero entries can still be useful.

3.3 Allowing Real Vectors

Throughout the paper, vector slices and the quantities derived from them, such
as k(v) and the slice complexities kq(f), are defined using integer vectors v € Z".
One could a priori formulate the same notions using real vectors v € R™. The
following proposition shows that this would not change the induced partitions of
the Boolean cube. Thus, working over Z™ is not an additional restriction.
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Proposition 1. Let v € R™ be a real vector. Then there exists an integer vector
w € Z"™ such that for all z,x’ € FY, we have:

(w,z) = (v,2') = (w,z) = (w,2').

Proof. A proof is provided in the full version of the paperB O

3.4 Homomorphic Evaluation

Homomorphic Encryption (HE) allows one to evaluate algorithms directly on
encrypted data; we say that such algorithms are evaluated homomorphically. The
evaluation is necessarily input-oblivious: the sequence of homomorphic operations
may depend on the public description of the algorithm, but not on the encrypted
input values. We explain how Boolean functions given by wv-slice decompositions
can be evaluated homomorphically in a GSW-like HE setting [14}15} 20}, 25|.

In this setting, ciphertexts carry noise, modeled here by a variance parameter.
Homomorphic operations increase this variance, so bounding the variance of the
final ciphertext is necessary to guarantee correct decryption. Our analysis uses
standard noise-propagation rules for homomorphic addition, multiplication, and
multiplexers (MUX). Recall that MUX(x, a,b) = a if x = 0 and MUX(z,a,b) =b
if z = 1. Given ciphertexts C7, Csy, C3 encrypting bits x1,z2, x3 € Fo, we write
C1+Cs, Cy xCy, and MUX(C1, Ca, Cs) for ciphertexts obtained homomorphically
from Cy,Cy, C3 and encrypting 1 + @2, x122, and MUX(x1, xo, x3), respectively.

We use the following assumption, adapted from Proposition 2 of [29].

Assumption 1. For i € [1,3], let C; be an encryption of x; € Fy with noise
variance V;. Denote by V., Vi, and Viux the variances of C1 +Cy, C1 x Ca, and
MUX(C4, Cq, C3), respectively. Then there are constants o > 1, 8 > 0 (depending
on the HE scheme) such that:

VisVit+Ve, Vi<aVi+Va+pB, Vwux < max(Vz, Vs) +ali + 8.

We now show how to compute the value of (v,z) in a HE-friendly way in
It is illustrated in and generalizes the standard Hamming-
weight circuit of [29]. Correctness is proven in [Proposition 2| while the noise

variance of the resulting ciphertexts after homomorphic evaluation is bounded in

Proposition 3

Proposition 2. For the circuit of [Algorithm 1, we have L,, = Im(v). Moreover,
for every £ € Im(v), the output value M, ¢ satisfies My, = 1 if and only if

(v,x) = L.

Proof. The proof follows the same inductive structure as in [29]. We prove by
induction on k € [0,n] that Ly, = {3",.; vi : I C [1,k]} and that, for every £ € Ly,
we have My, = 1 if and only if Zle v;x; = L. The case k = 0 follows from
Ly = {0} and My = 1. Assume the claim holds at level k — 1 for k € [1,n].

! nttps://eprint.iacr.org/2026/1392
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Algorithm 1: HE-friendly scalar-product circuit

Input: An integer vector v € Z™ and bits 1, ..., 2, € Fa (the entries of x € Fy).
Output: Bits (Mp,¢)ecim(v) With My, = 1 if and only if (v,z) = £.
: L() < {0} and M(),() —1
: for k € [1,n] do
Ly Li—1 U (Lk—1 + vg)
for ¢/ € Ly do
My o <+ MUX(2k, Mi_1.¢, Mkfl,g,vk) > My_1,; interpreted as 0 if undefined
end for
end for
return (M, ¢)eer,,

PPN

Then Ly = {3 ;c;vi : I C[Lk— 1} U{vr + 3,0 v : I C[1,k—1]}, s0 Ly, =
{Ziel v; i I C [1,k}}. Next, let £ € Ly. If 2, = 0, then My, 4 = Mj_1 ¢, which is
equal to 1 by the induction hypothesis exactly when Zi:ll v;x; = £, equivalently
when Zle viz; = 4 if xp, = 1, then My, = My_1,¢—y,, which is equal to 1
exactly when Zf;ll vix; = £ — vk, again equivalently when Zle vix; = L. O

Proposition 3. Under[Assumption 1], the circuit of[Algorithm 1] can be evaluated
homomorphically so that the output ciphertexts encrypting My, ¢ for £ € Im(v)

have variance at most n(aV + B), where V is an upper bound on the variance
of the input ciphertexts encrypting x1,...,x, € Fo, and a > 1, B > 0 are the

constants from [Assumption 1.

Proof. We prove by induction on k € [0, n] that every ciphertext encrypting some
My, ¢, with £ € Ly, has variance at most k(aV + 3). For the case k = 0 the value
of My,0 =1 is known and therefore the corresponding ciphertext has variance 0.
Next, assume the claim holds at level k—1 for some k € [1,n]. For every £ € Ly, we
homomorphically compute M}, ; = MUX(zg, Mi—1,¢, Mg—1,—v, ), where undefined
values are interpreted as constants equal to 0. By the induction hypothesis, the
defined level-(k — 1) ciphertexts have variance at most (k — 1)(aV + f3), while

the undefined values have variance 0. Hence, by the ciphertext
encrypting My, , has variance at most (k—1)(aV +8)+aV+8=k(aV+3). O

We can now combine the scalar-product circuit with the local degree-d de-
scriptions on the slices to obtain a general noise bound for the homomorphic
evaluation of Boolean functions with small degree-d slice complexity.

Theorem 1. Let f € B, be a Boolean function and d > 0 an integer. Assume
we are given n ciphertexts encrypting the entries x1i,...,x, of some x € Fy

with variance at most V. Then, under[Assumption 1, one can homomorphically
compute f(x) with output variance bounded by:

wan (i s sa$5(2)) ).

where a > 1 and B > 0 are the constants from [Assumption 1]
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v=(1,1,1) v=(1,-1,2)
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Fig. 3. Layered Boolean circuit computing the value of (v, z) for v = (1,1,1) (left)
and v = (1,—1,2) (right), adapted from [29]. Each node M, indicates whether the
partial sum )/ | v;z; equals £. Blue edges correspond to x; = 0 (no change), while
orange edges correspond to x; = 1 (adding v;). Recursively, we initialize Moo « 1
and Mo < 0 for £ # 0, and compute My ¢ < MUX(zk, Mr—1,¢, Mi—1,¢—v, ), Where
undefined entries are interpreted as 0.

Proof. We know that f is degree-d on v-slices for some v € Z™ with x(v) = kq(f).
Write f = > i crm() LEy - fr, where each fi € B, has degree at most d. By

[Proposition 2| and [Proposition 9 the homomorphic application of
gives ciphertexts encrypting M,, x = 1y (z), each with variance at most n(a'V+3).

An encryption of any monomial of degree at most d in the x; can be computed
with variance at most d(aV + ). Indeed, for a monomial z;, ---x;, with ¢t <d,
we can apply to the vector 1, € Z' and input bits z;,,...,z;,,
yielding a family (M;¢)sejo,y, where My = x;, -+ ;. By [Proposition 3} the
homomorphic version of the circuit yields an encryption of M; ; with variance at
most d(aV + B).

We now homomorphically compute f () from its ANF. If present, its constant
term is known and has variance 0, while its nonconstant part contains at most
B = Zle (?) monomials in the z;. Each such monomial has variance at most
d(aV + B); summing these monomial ciphertexts, together with the possible
constant term, gives a ciphertext encrypting fx(«) with variance at most dB(aV +
B) by Left-multiplying the ciphertext encrypting fx(x) by the
ciphertext encrypting M,, . = lgv (z) gives a ciphertext encrypting 1gv(z) - fi(z)
with variance at most (aV + 8)(an + dB) + f. Finally, summing over k& € Im(v)
gives a ciphertext encrypting f(z) with variance at most the claimed value. [

Remark 5. Therefore, for fixed V, o, 8, and d, the variance bound of
scales as O(/{d( - nd). In other words, the dependence is polynomial in 7 and
linear in the slice complexity kq(f).
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4 Combinatorics of Vector Slices

We study the map « : Z™ — N, which counts the number of slices induced by
an integer vector. This quantity controls both slice complexity and the variance

bound of [Theorem 11

4.1 Reduction to Positive Non-Decreasing Vectors

We first argue that, when computing x(v), we can always assume that 1 < vy <
vg < -+ < w,. Given an integer vector v € Z™ and a Boolean vector a € F3, we
denote by flip,(v) the vector w obtained from v by flipping the signs according
to a, that is, w; = (—1)%wv; for every i € [1,n].

Proposition 4. For every integer vector v € Z"™ and every Boolean vector
a € T3, there exists an integer ¢ € Z such that {flip,(v),x + a) = (v,x) + ¢ for
every x € FY. In particular, Im(flip, (v)) = Im(v) + ¢ and k(flip,(v)) = (v).

Proof. Let I ={i€[l,n]:a; =1} and T = [1,n] \ I. Put ¢ = — %, v;. Then,
for every z € Fy, we have:

(v,2) +¢c= Zvixi + Z(—%‘)(l —xz;) = (flip,(v),x + a). O

icl el

For a permutation 7 : [1,n] — [1,n] and a vector v € Z", let us denote by
7(v) the vector w € Z" satisfying w; = v, (; for every i € [1,n].

Proposition 5. Let v € Z"™ be an integer vector and 7 : [1,n] — [1,n] a
permutation. Then for every x € FY, we have (w(v), n(z)) = (v,z). In particular,
Im(m(v)) = Im(v) and k(7(v)) = k(v).

Proof. We have (m(v),m(2)) = Y1 | Un(i)Tr(s) = Dorq Vil = (0, T). O

Corollary 1. Let v € Z™ be an integer vector, and let w € N™ with 1 < wy <
wo < - < w,y, be the integer vector obtained from v by replacing its entries by
their absolute values, deleting all zero entries, and then sorting the remaining
entries in non-decreasing order. Then k(w) = k(v).

Proof. This follows from [Proposition 4] and [Proposition 5| together with the fact
that deleting zero entries does not affect the image set. O

Therefore, to compute x(v), we can always just apply the reduction from
and assume that v € Z" is a positive non-decreasing vector, that is,
v satisfies 1 < vy <wg < --- < w,.
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4.2 Attainable Number of Slices
We now analyze the image of the map « : Z™ — N and its restriction  : Z,; — N.

Proposition 6. For every integer vector v € Z™, we have (v) € [1,2"]. Con-
versely, for every k € [1,2"], there exists an integer vector v € Z™ such that
k(v) = k.

Proof. For v € Z™, the map (v,-) : {0,1}" — Z has a domain size 2", and thus
k(v) = [Im(v)| € [1,2"]. For the converse, if k = 1, we take v = 0,,. Otherwise,
if k € [2,2™), then the vector v = (1,2,...,2j*1,k — Qj,O,...,O) € N" with j =
[log, (k)] satisfies Im(v) = [0,k —1]. If k = 2", we take v = (1,2,...,2"" 1) € N,
which satisfies Im(v) = [0,2" — 1]. O

Proposition 7. For every integer vector v € Z,, we have k(v) € [n+1,2"].
Conversely, for every k € [n+ 1,2"], there exists a vector v € L7 such that
k(v) = k.

Proof. A proof is provided in the full version of the paperﬂ O

In fact, the argument above admits a natural generalization, leading to the

so-called no-gap condition stated in [Proposition 8|

4.3 Bounds on the Number of Slices

In this subsection, we provide upper and lower bounds on k(v) in terms of the
entries of v. We first focus on finding upper bounds, and provide a simple criterion
under which the image set Im(v) is the full interval between 0 and the sum of
the entries of v.

Proposition 8. Let v € N" be an integer vector with 1 < vy < vy < -+ < wy,.
Then Im(v) C (0,37, v;], with equality if and only if v satisfies the following
no-gap condition: v; < 1+ Z;;ll vj for every i € [1,n]. Therefore, k(v) satisfies
the following upper bound:

n
k(v) <1+ Z U4,
i=1
with equality if and only if v satisfies the no-gap condition.

Proof. For every i € [0,n], let S; = 22:1 vj. Then by definition, Im(v) C [0, S,].
We prove that Im(v) = [0, 5,] if and only if v; < 14 5;_1 for every i € [1,n].
Assume first that v; > 14 S;_1 for some i € [1,n]. Then 1+ S;—1 & Im(v)
because (v,z) < S;_; for every z € Fy with z; = 0 for all j € [i,n], while
(v,zy > v; > 14.5;_1 for every x € F§ with z; = 1 for some j € [¢,n]. Therefore,
the value 1 + S;_; lies in [0,5,] but not in Im(v). Conversely, assume that
v; < 148, for every i € [1,n]. We prove by induction on j € [0,n] that

2 https://eprint.iacr.org/2026/1392
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the set T; = {3 ,c;vi: I C[1,5]} equals [0,S5;]; choosing j = n then yields
Im(v) = T, = [0,5,]. The base case j = 0 is direct: Top = {0} = [0, Sy].
For the induction step, assume that T;_, = [0,5;_1] for some j € [1,n]. Then
Tj = Tj,1U(Tj71 +Uj) = [0, ijl}U['Uj, Sj71+’l)j] = [0, S]] because Vj < 1+Sj,1,
as required. O

In what follows, vectors v € Z™ which satisfy the no-gap condition will be
assumed to be of the form 1 < vy <wvy < -+ < wy.

Corollary 2. Let B > 0. Let v € Z™ be an integer vector satisfying |v;| < B for
every i € [1,n]. Then k(v) satisfies the following upper bound:

k(v) <1+ nB.

Proof. Let w € N™ be the vector obtained from v as described in [Corollary 1]
Then £(v) = r(w) <1+ 3" w; <14 mB < 1+ nB by [Proposition 8 O

A lower bound on k(v) can be obtained by counting the number of distinct
values among the first ¢ entries of v for every i € [1,n].

Proposition 9. Let v € N satisfy 1 < vy <wg < -+ <w,. For every i € [1,n],
let d; = |{v1,...,v;}| be the number of distinct values among the first i entries
of v. Then k(v) satisfies the following lower bound:

k(v) > 1+ Zdi‘
i=1

Proof. For every i € [0,n], let S; = Z;zl v;. Fixing ¢ € [1,n], we have S; —u €
Im(v) for every uw € {v1,...,v;}, but also S; —u € [S;_1,S; — 1] because u < v;.
Therefore, for a fixed i, we obtain d; distinct elements of Im(v) contained in the
interval [S;_1,.5; — 1]. These intervals are disjoint as i varies. Together with the
additional value S, € Im(v), this gives k(v) > 1+ >." , d;. O

Corollary 3. Let v € N" satisfy 1 < vy < vy < -+ < v,. Assume that no
value appears more than m times among the entries of v. Then k(v) satisfies the
following lower bound:

nn+1)
>14+ ——-=.
w) 21+ 2m
Proof. We have d; > i/m in sok(v) >1+>" i/m=1+n(n+
1)/(2m). O

4.4 Lowest Possible Numbers of Slices

We now characterize the vectors v € Zl, that attain the smallest possible number
of slices.

Proposition 10. Let v € N™ be an integer vector with 1 < vy < wvg < -+ < wy,.
Then k(v) > n+ 1, with equality if and only if v=1Fk - 1,, for some k > 1.
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Proof. The inequality has already been established in Next, if
v==k-1,, then Im(v) = {0, k, 2k, ..., nk}, and hence k(v) = n + 1. Conversely,
assume that x(v) = n + 1. For every i € [0,n], let S; = 375, vj. If viy1 > v; for
some i € [1,n — 1], then S;11 — v; € (S;,S;4+1) would give another element of
Im(v) not among Sy < - -+ < Sy, contradicting x(v) = n+1. Hence vy = - -+ = vy,

as required. O
This result admits a natural generalization to other small values of k(v).

Proposition 11. Let v € N" satisfy 1 < vy < -+ <w,. Let m € [1,n/3 4+ 1] be
an integer. Then k(v) =n+m if and only if v =k - (Lp—r, 1+ 1,...; A + 1)
for some k > 1, where 1 < Ay < -+ < A\, partition m — 1, that is, they satisfy
M4+ A =m—1.

Proof. Assume first that v = k-(1,,—, A1+1, ..., A\-+1) with k and the A, as above.
To show that x(v) = n+m, we can assume that k = 1 (since Im(kv) = k- Im(v)).
Notice that v satisfies the no-gap condition. Indeed, for an entry A; + 1, the sum
of the previous entries is at least equal to the sum of the n — r initial 1’s, which
we can bound as n—r > n—(m—1) > 2(m—1) > \;. It follows by [Proposition 8|
that k(v) =1+n+Y .  Ai=1l+n+(m—-1)=n+m.

We now prove the converse. Assume that v € N” with 1 < v <wy <--- < v,
satisfies x(v) = n+m. For every i € [1,n], let d; = [{v1, ..., v;}|. By[Proposition 9
we have n+m > 1+ E?:l d;, that is, m — 1 > Z;L:l(di —1). Let k = vy and let
7 be the number of entries of v that are larger than k. Then >_©  (d; — 1) > r
and thus m —1 > r.

The first n — r entries of v equal k; let us show that the remaining ones are
divisible by k. If v; was not divisible by k for some i > n—r, then {0, k, 2k, ..., (n—
r)k} and {v;,v; +k,v; + 2k, ..., v; + (n — )k} would be disjoint subsets of Im(v),
and thus n+m = k(v) > 2(n—r+1), which is a contradiction if we can show that
2(n—r+1) > n+m. To this end, we have n—r > (3m—3)—(m—1) = 2m—2 > m+
r—2. Therefore, 2(n—r+1) = (n—r+2)+(n—7r) > (n—r+2)+(m+r—2) = n+m,
as claimed.

Thus, since all entries of v are divisible by k, we can assume that k£ = 1, and
thus that v = (1,,—,A\1 + 1,..., A, + 1) for some integers 1 < Ay < -+ < A,
It remains to show that >, Ay = m — 1. Let w = (A +1,..., A\ + 1) and
write Im(w) = {o,..., €y} with {y < ¢ < --- < £,. Notice that Im(v) =

1_ol€j,¢; +n —r]. This must be a set of consecutive integers, otherwise Im(v)
would contain at least two disjoint integer intervals of length n —r + 1, and thus
k(v) > 2(n—r+1) > n+m, a contradiction. It follows that Im(v) = [0, {;+n—r] =
0,7 _(1+X;)+n—r], hence that n+m=r(v) =14+>_ (1+XN)+n—r.
The required equality > !_; A\; = m — 1 follows. O

Example 4. Let v € N™ be an integer vector with 1 < v < wvg < -+ <w,. Ifn > 3,
then by [Proposition 11} we have x(v) = n + 2 if and only if v = k - (1,,—1,2) for
some k > 1. Similarly, if n > 6, then x(v) = n+3 if and only if v = k- (1,,-2, 2, 2)
orv==Fk-(l,-1,3) for some k > 1.
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4.5 Generating Function for Slice Cardinalities

We note that x(v) also admits a generating-function interpretation. We will not
develop this viewpoint further here, but it provides a compact way to recover
the slice cardinalities and to derive some of their basic identities.

Proposition 12. Let v € Z™. Then the slice cardinalities of v are given by the
following Laurent-polynomial identity:

n

S EpXF =T+ Xxv).

keZ i=1

Proof. Expanding the product gives [ (1 + X)) = Zlg[l,n] X2icr¥ Thus,
for every k € Z, the coefficient of X* counts the subsets I C [1,n] such that
> icr Vi = k, which are, via the map I — (17());c[1,,), in bijection with the
Boolean vectors x € F} satisfying (v, z) = k. O

Corollary 4. Let v = (w,v,) € Z" withw € Z""'. Let S =1, v;. Then, for
every k € Z, we have:

B | + 1Bk, | = [EE] = |Es_l-

k—uvg,

Proof. Let P(X) =", ., |E}|X*. Comparing coefficients in the equality P(X) =
(1+ X¥n) H;:ll(l + X"i) from gives the first equality. Similarly,
comparing coefficients in P(X) = [[;_, X" (1+ X %) = X5P(X 1) gives the
second equality. O

5 Properties of Slice Complexities

We now collect general properties of the slice complexities k4 (f). We first record
their monotonicity and invariance properties, then derive universal bounds,
specialize to the constant-slice case d = 0, and finally show that generic Boolean
functions have exponential slice complexity for degrees d below n/2.

5.1 Basic Properties

We begin with two elementary consequences of the definition: the case where
the slice complexity is equal to 1, and the monotonicity of k4(f) in the allowed
degree.

Proposition 13. Let d > 0 be an integer and let f € B,, be a Boolean function.
Then kq(f) =1 if and only if deg(f) < d.

Proof. The only vector v € Z™ with k(v) = 1 is v = 0,, whose unique slice is F5.
Thus, kq(f) =1 is equivalent to saying that f is of degree at most d on F3. [
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Proposition 14. Let d > 0 be an integer and let f € B,, be a Boolean function.
Then we have:

2" > ko(f) = ka(f) > > kn(f) = bnpa(f) = =1

Proof. The upper bound rg(f) < 2" follows by taking v = (1,2,4,...,2"71) €
N™ for which Im(v) = [0,2" — 1] and thus x(v) = 2". Next, the sequence
(ka(f))a>o is non-increasing, since being degree-d on v-slices implies being degree-
(d + 1) on v-slices. Finally, since every Boolean function has degree at most n,

we have k4(f) =1 by [Proposition 13| for every d > n. O

Next, recall that the symmetries of the n-dimensional Boolean cube F5 are
obtained by flipping and permuting coordinates. They are thus described by
the maps of the form z — 7(x) + a for some a € F} and some permutation
7 [1,n] = [1,n].

Definition 14 (Cube equivalence). Two Boolean functions f,g € B, are
called cube-equivalent if there exist a Boolean vector a € F§ and a permutation
7 [1,n] = [1,n] such that for every x € F3, we have f(x) = g(w(x) + a).

Cube equivalence is an equivalence relation on B,,. It refines the classical
affine-equivalence relation, since cube-equivalent functions are necessarily affine-
equivalent. We now show that degree-d slice complexities are invariant under
cube equivalence.

Proposition 15. Let f,g € B, be cube-equivalent Boolean functions, that is,
there exist a Boolean vector a € F% and a permutation 7 : [1,n] — [1,n] such
that for every x € FY, we have f(x) = g(w(x) + a). If f is degree-d on v-slices
for some v € Z", then g is degree-d on w-slices for w = flip,(w(v)). In particular,
ka(f) = kalg) for every integer d > 0.

Proof. Assume that f is degree-d on v-slices, so that f =, [ ., Ley - fx for
some Boolean functions f; € B,, of degrees at most d. By and
there exists an integer ¢ € Z such that for every z € F%, we
have (w,7(z) + a) = {(flip,(7(v)),7(z) + a) = (7(v),7(x)) + ¢ = (v,z) + ¢; in
particular, Im(w) = Im(v) + ¢. For every k € Im(w), define g, € B,, by gi(z) =
fi—e(77 (x + a)), so that deg(gy) < d. If z € E}’, then the above implies that
7' (z +a) € Ej_,, and therefore g(z) = f(r (x4 a)) = fi—e(r (z +a)) =
gr(x). Hence g = Zkelm(w) Tev - gx, showing that g is degree-d on w-slices.
Taking v such that x(v) = kq(f) gives kq(g) < k(w) = k(v) = Kq(f). Since cube
equivalence is symmetric, it follows that kq(f) = ka(g)- O

5.2 Universal Bounds

We now establish universal bounds for k4(f), which apply to arbitrary Boolean
functions without imposing any additional structure.
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Proposition 16. Let d > 0 be an integer. Then for every Boolean function
f € By, we have:

ralf) > deg(f) —d + 1.

Proof. Let v € Z™ be such that f is degree-d on v-slices and k(v) = x4(f). Then
there exist Boolean functions f; € B,, (k € Im(v)) of degrees at most d such that
[ =2 ketm(w) Ley - fr- For each k € Im(v), the indicator function z — 1gy ()
can be written as a univariate polynomial (over Q) in the variable (v,z) € Z
of degree at most x4(f) — 1, and thus as a rational polynomial in the variables
Z1,...,%n of degree at most x4(f) — 1. Replacing in this expression z] with x;
for all i € [1,n] and 7 > 2 gives us the NNF of 1gy. Thus, the numerical degree,
and hence also the algebraic degree, of 1gy is at most kda(f) — 1. The equality

f= Zkelm(v) Ley - fi then implies deg(f) < ra(f) — 1 +d. O
Remark 6. Therefore, by if f € B, has degree d, then:
ka(f) =1, Ka1(f) =2, kao(f)>3, ..., ko(f)>d+1.

Proposition 17. Let d > 0 be an integer and let f € B,, be a Boolean function.
Let T C [1,n] be such that for every monomial [[,.; x; appearing in the ANF of
f, we have |[I\T| < d. Then:

icl

Hd(f) < Q‘T‘.

Proof. Write T = {t1,...,t|r|} and let v € Z" be given by v, = 2'~! for
i€ [1,|T]] and v; = 0 for ¢ ¢ T. We show that each monomial [],_; x; appearing
in the ANF of f is degree-d on v-slices, which implies that f itself is degree-d on
v-slices and thus that #g(f) < r(v) = 2/7|. Towards this, observe that on a fixed
v-slice, the variables indexed by T are known by definition of v, and thus the
monomial [];c; ; is either zero or equal to [, 1 i By assumption, we have
[T\ T| <d, so [[;c; z: is degree-d on this v-slice, as required. O

Corollary 5. For every integer d > 0 and every Boolean function f € B,,, we
have:
Ka(f) < 2"

Proof. The condition of [Proposition 17]is satisfied by T'= [d + 1,n]. O
Corollary 6. Let f € B,, be a Boolean function of degree n. Then k,_1(f) = 2.

Proof. By [Proposition 16} we have x,,_1(f) > 2. On the other hand, by
lary 5, we have r,,_1(f) < 2"~("~Y = 2. Hence ,_1(f) = 2. O

Next, we give another source of upper bounds, based on the geometry of the
slices induced by a vector. For a fixed vector v, we measure the degree needed to
represent arbitrary Boolean functions on each wv-slice. Once this degree is known,
the same vector v gives a degree-d slice decomposition for every Boolean function.



18 P. Méaux and T. Seuré

Definition 15 (Interpolation degree of a vector). The interpolation degree
of a vector v € Z™, denoted 0(v), is the smallest integer d > 0 such that every
Boolean function f € B, is degree-d on all v-slices.

Ezample 5. Let v = (1,2, .. .,2“’1) € N" be an integer vector. Then E} is a
singleton for every k € Im(v), and thus é(v) = 0.

Ezample 6. Consider the vector v = (1,,,0,—m) € N for some m € [0,n]. We
claim that 6(v) < n — [m/2] (actually, equality holds, but we will not need it
here). To see this, notice that Im(v) = [0,m] and that for every k € [0, m], the
k-th v-slice is E} = Ej », x F5~ ™. We show that every f : E ., x F53~"™ — Fy has
degree at most n— [m/2] for every k € [0, m]. Therefore, we fix such k and f. For
every (z,y) € Exm x F3™™, we can write f(z,y) =3, >, f(a,b) - 1o(x)1s(y),
where a ranges over Ey, ,,, and b ranges over F5~"™". The map 1, has degree at most
min(k,m — k) < [m/2] on Eym because 14(z) = [[;.0,—1 i = [11.0,20(1 + i)
on E m, and the map 1 has degree at most n —m on F;~ ™. Consequently, f
has degree at most |m/2] 4+ (n —m) =n — [m/2].

Proposition 18. Let v € Z™ be an integer vector. Then, for every Boolean
function f € B, and every integer d > 6(v), we have:

ra(f) < (V).

Proof. By definition of §(v), every Boolean function f € B, is degree-d(v) on
v-slices. Hence, if d > §(v), then f is degree-d on v-slices. Therefore, kq(f) <
k(v). O

Corollary 7. For every Boolean function f € B, and every integerd € [|[n/2],n—
1], we have:

ka(f) < 2(n—d).
Proof. Let m = 2(n — d) — 1. Consider the vector v = (1,5,,0p,—m) € N™. We
have §(v) <n — [m/2] =d by and k(v) =m+ 1 =2(n — d). Hence,
kda(f) < k(v) = 2(n — d) by [Proposition 18 O

Thus, for d > |n/2], the degree-d slice complexity of every Boolean function

f € B, satisfies kq(f) = O(n). We will see in that the situation is

very different for d < [n/2], where generic Boolean functions have exponential
slice complexity.
5.3 Constant Slice Complexity

In this subsection, we study the constant slice complexity ko(f) in more detail.
We consider only Boolean functions that depend on all variables.

Definition 16. A Boolean function f € B, is said to depend on all variables if
for every i € [1,n], there exists x € FY such that f(x) # f(z + €;).
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Remark 7. If f € B,, does not depend on all variables, then there exists ¢ € [1,n]
such that f(z) = f(z+e;) for every x € FZ. Let v € Z™ be such that k(v) = ko(f)
and such that f is constant on v-slices. We can assume that v; = 0 because f
does not depend on the i-th variable. Letting w € Z"~! be the vector obtained
from v by removing the i-th entry, we have x(w) = k(v) and k(w) < 2"~! by

Thus, ro(f) = r(v) = k(w) < 277

Proposition 19. Let f € B,, depend on all variables. Then ro(f) > n+ 1, with
equality if and only if f is cube-equivalent to a symmetric Boolean function.

Proof. Let v € Z™ be such that k(v) = ko(f) and such that f is constant on
v-slices. Since f depends on all variables, no entry of v is zero. Let w € N
be given by [Corollary 1] so that 1 < w; < --- < w,, and x(w) = k(v). Then
Proposition 10| gives xo(f) = k(v) = s(w) > n + 1.

Now assume that xo(f) = n + 1. Then k(w) = n+ 1, so w = k-1, for
some k > 1 by By construction, w = flip,(m(v)) for some
a € F3 and some 7 : [1,n] — [1,n]. Hence, by [Proposition 15| g € B, defined
by g(z) = f(7*(z +a)) is constant on w-slices, cube-equivalent to f, and
symmetric since w = k - 1,,.

Conversely, assume f is cube-equivalent to a symmetric Boolean function g.
Since f depends on all variables, so does g. As g is constant on 1,-slices, we have
ko(g9) < k(1,) = n+ 1. The lower bound already proved gives xo(g) > n+ 1, and

hence ro(g) = n + 1. Finally, [Proposition 15| gives ro(f) = ko(9) =n+1. O

Example 7. Consider the Dirac function f = 1y, € B,,. Then f is symmetric

and depends on all variables, and thus k¢(f) = n + 1 by [Proposition 19| More

generally, consider the Dirac function f =1, € B,, for some fixed a € Fy. Then
f(z) =1y, (x+a) for every x € Fy, and thus f is cube-equivalent to 1o, implying

%0(f) = fo(1n,) = + 1 by Proposition 19

The same approach also yields a characterization of Boolean functions whose
constant slice complexity is only slightly larger than the minimum value n + 1.

Theorem 2. Let f € B,, depend on all variables, and assume that ko(f) > n+m
for some m € [1,n/3+1]. Then ko(f) =n+m if and only if f is cube-equivalent
to a Boolean function g € B, of the form g(x) = G(Z) for some symmetric
function G € By m—1, where:

T = (xlw"al‘nfTamnfTJrl,'-'a$n77‘+17"'7xna-"7xn)

A1+1 Art1
with 1 < Ay < -+ < A\, partitioning m—1, that is, satisfying A\ +---+X. = m—1.

Proof. Assume first that f is cube-equivalent to a Boolean function g € B,, of the
displayed form. Let v = (1,,—, A1 +1,..., A + 1) € N™. Since G is symmetric,
the value of g(z) only depends on the Hamming weight of %, which is equal
to (v, z). Thus, g is constant on v-slices, and so ko(g) < k(v) = n + m, where

the equality follows from Since f and g are cube-equivalent,
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Proposition 15| gives ko(f) = ko(g), so ko(f) < n + m. Together with the
assumption ko (f) > n + m, this gives ko(f) =n + m.

Conversely, assume that ko(f) = n+m. Let v € Z™ be such that x(v) = ko(f)
and such that f is constant on v-slices. Since f depends on all variables, no entry
of v is zero. Let w € N™ be given by [Corollary 1] so that 1 < w; < -+ < w,
and k(w) = k(v) = n + m. Then, by f is cube-equivalent to a
Boolean function g € B,, that is constant on w-slices. By we have
w=k - (1p—r,\1+1,...; A +1) for some k > 1, where 1 < A\; <--- < \, satisfy
A1+ -+ A = m — 1. Without loss of generality, we can assume that k = 1.

We now define the symmetric G € By, p,—1. For every £ € [0,n+m — 1] =
Im(w), choose some z € EY, and set G(y) = g(z) for all y € Fy™™ ! with
wi(y) = £. This does not depend on the choice of x because g is constant on
w-slices. This fully defines GG, and G is symmetric by construction. For every
x € F3, we have wy(Z) = (w, x), and thus g(x) = G(Z), as required. O

Ezample 8. Let f € B, depend on all variables. By ifn >3
and ko(f) > n + 2, then ko(f) = n + 2 if and only if f is cube-equivalent
to a Boolean function g of the form g(z) = G(z1,...,2p—1,2pn,2,) for some
symmetric function G € Bpy1. If n > 6 and ko(f) > n + 3, then ko(f) =
n + 3 if and only if f is cube-equivalent to a Boolean function g of the form
g(x) = G(z1, ..., T2, Tn—1,Tp—1, T, Tn) OF g(x) = G(X1, ..., Tn1,Tn, Tn,Tn)
for some symmetric function G' € B;,42.

We next turn from lower bounds to a general upper bound for xo(f). Although
some vectors induce 2" distinct slices, this many slices are never necessary for
constant slice decompositions: every Boolean function satisfies ko(f) < 2" —1,
with a further improvement for self-dual functions.

Proposition 20. Letn > 2. Then ko(f) < 2" —1 for every f € B,,. Further, if f
is self-dual (that is, f(x + 1) = f(x) + 1 for every x € FY ), then ko(f) < 2™ —2.

Proof. Assume first that f is not self-dual. We may then assume that f(0,,-1,1) =
f(1,-1,0) by cube equivalence. Consider v = (1,2,...,2"72, 2"~ —1). Then
k(v) =2"—1by and the only two vectors identified by z +— (v, z)
are (0p—1,1) and (1,,—1,0). Hence, f is constant on v-slices, so ko(f) < 2™ — 1.

It remains to prove the improved bound for self-dual functions. If f(z,0) =
f(z,1) for every x € Fgfl, then f does not depend on all variables, and hence
ko(f) <2771 <27 — 2 see Otherwise, choose a € Fgfl such that
f(a,1) = f(a,0) 4+ 1, and define b = (ay,...,an—2,an,—1 +1,0) € F} and g € B,
by g(z) = f(x + b). By self-duality and the choice of a, we have g(0,,_2,1,y) =
9(1,—2,0,y) for both y € Fo. Now let v = (1, 2,...,2n 3 n=2 1 gn—1 _ 1) €
N™. Then k(v) = 2" — 2 by and the only two pairs of Boolean
vectors that are identified by z — (v, x) are (0p—2,1,%) and (1,-2,0,y) for both
y € Fo. Hence, g is constant on v-slices, so ko(g) < 2™ — 2. Since f and g are

cube-equivalent, [Proposition 15| gives xo(f) = ko(g) < 2™ — 2. O

We end with a lower bound which relates constant slice complexity to partial
symmetry. If every function cube-equivalent to f is symmetric in at most m
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variables, then ko (f) is bounded below by £2(n?/m). In particular, if m is bounded
independently of n, then ko(f) is at least quadratic in n.

Definition 17. Let m € [1,n]. A Boolean function f € B,, is called symmetric
in m variables if there exists a subset I C [1,n] with |I| = m such that for every
permutation 7 : [1,n] — [1,n] satisfying 7(i) =i for every i € [1,n]\ I, we have

f(z) = f(m(x)) for every x € Fy.

Proposition 21. Let f € B,, depend on all variables, and let m > 1. Assume
that no Boolean function cube-equivalent to f is symmetric in more than m

variables. Then:
n(n+1)
K >1+ —-".
of) 2 1+ =5
Proof. Let v € Z™ be such that x(v) = ko(f) and such that f is constant on
v-slices. Since f depends on all variables, no entry of v is zero. By
and we may replace v by a positive non-decreasing vector w € N”
with x(w) = k(v), up to replacing f by a cube-equivalent function g € B,, which
is constant on w-slices. The map g is not symmetric in more than m variables by
assumption, and thus w cannot have more than m identical entries. Applying

we obtain ko(f) = k(v) = k(w) > 1+ n(n+1)/(2m). O

5.4 Generic Exponential Slice Complexity

We know by [Corollary 7| that once d > |n/2], every Boolean function f € B,
satisfies k4(f) = O(n). The next result shows that this behavior is essentially

sharp for generic Boolean functions: if d stays bounded away from n/2 on the
left, then k4(f) is almost surely exponential in n.

Theorem 3. Let (d,)n>1 be a sequence of integers with d,, € [0,](1/2 —¢) - n]]
for some £ > 0. Then, as n — oo, almost all Boolean functions f € B,, satisfy
the following:

Ka, (f) =270

Proof. A proof is provided in the full version of the paperE| O

We can summarize the behavior of k4(f) as a function of d € [0,n] for a
generic Boolean function f € B, as shown in For every fixed € > 0

and every d < (1/2 — ¢)n, almost all Boolean functions f € B,, satisfy xq(f) =
29(n) Ty On the other hand, for every d > |n/2], every Boolean
function f € B, satisfies k4(f) = O(n) by [Corollary 7} Thus, the transition from

exponential to linear behavior occurs in the window between (1/2 — ¢)n and
|n/2]. Since € > 0 can be chosen arbitrarily small, this window can be made
arbitrarily narrow relative to n.

3 https://eprint.iacr.org/2026/1392
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Fig. 4. Schematic behavior of kq(f) as a function of d € [0,n]. Below (1/2 — ¢)n (red),
almost all Boolean functions have degree-d slice complexity which is exponential in n.
From |n/2| onward (green), every Boolean function has degree-d slice complexity linear
in n. A transition window (yellow) exists between these two regimes.

6 New Families of Boolean Functions

So far, slice decompositions have been used to analyze arbitrary Boolean functions
by searching for a vector v € Z™ such that f is degree-d on v-slices and x(v) is
small. However, shows that this generalization from Hamming-weight
slices to v-slices cannot be expected to help for generic Boolean functions: for
d < (1/2 — €)n, almost all Boolean functions have exponential degree-d slice
complexity, while for d > |n/2] the allowed local degree is already comparable
to the degree of a general Boolean function, so the decomposition offers little
advantage.

We therefore reverse the viewpoint and use vectors v € Z™ with small k(v) to
explicitly construct functions that are degree-d on v-slices. These functions inherit
the efficient homomorphic evaluations from We extend Boolean-
function families originally defined on Hamming-weight slices to the vector slices
listed in These vectors are not meant to be canonical; they were chosen
as simple examples with different growth behaviors. Here, (F;);>1 denotes the
Fibonacci sequence with F; =1 = F5 and F;o = F; + F; ;. All listed vectors v
satisfy the no-gap condition, so Im(v) = [0, ", v;] and k(v) =1+ >_1 , v; by

Table 1. Vectors used for our constructions.

v \ K(v)

1, n+1

(1n-1,2) n4+2
(1,2,...,n) 1+n(n+1)/2

(Fr,F2,...,Fn) Frni2

6.1 Variants of Classical Symmetric Boolean Functions

Recall that symmetric Boolean functions f € B, are those whose value f(x)
depends only on the Hamming weight wy(x), or equivalently, those that are
constant on each slice Ej ,,. In our generalized setting, the analogous objects are
Boolean functions whose value depends only on (v, z) for some vector v € Z",
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that is, functions that are constant on each v-slice E}. In what follows, we consider
generalizations of the XOR function, the threshold functions, and the 0MOD3
function [21].

Definition 18 (XOR function). The n-variable XOR function is the Boolean
function XOR,, : Fy — Fy defined by XOR,,(z) = Y"1 | z;.

An equivalent way to define it is as XOR,(x) = Y 1g, . (2) - cx, where
¢ = (k mod 2) € Fo. This point of view allows for a generalization to v-slices.

Definition 19 (XOR function on wv-slices). Let v € Z". The n-variable
XOR function on v-slices is the Boolean function XOR} : Fy — Fy defined by
XOR3,(2) = >k crm(v) Ly (2) - cks where ¢, = (k mod 2) € Fs.

By definition, XOR] is constant on v-slices, and hence kq(XOR]) < k(v). In
this case, however, the bound can be improved: the function XOR} corresponds
to a XOR function on the variables whose entries in v are odd.

Proposition 22. Let v € Z" and m = |{i € [1,n] : v; = 1 mod 2}|. Then XOR],
is cube-equivalent to the n-variable Boolean function defined by (x1,...,%,) —
XORy, (21, ..., Zm). In particular, XOR, depends on exactly m variables and
ko(XORY) =m + 1.

Proof. By definition, we have XOR; (z) = ((v, z) mod 2) for every z € F}. Let
m : [1,n] = [1,n] be a permutation such that #({1,...,m}) = {i € [1,n] :
v; = 1 mod 2}. Consider the map f : Fy — Fy defined by f(z) = XOR? (7 (x)).
Then f is cube-equivalent to XOR?, and for every z € F3, we have f(x)

no

({m(x),v) mod 2) = ((x, (1im, 0p—m)) mod 2) = XOR,,, (1, ..., Tm). O
confirms the behavior predicted by through the

resilience order of XOR; .

Table 2. Resilience order of XOR}, for the vector families from

n [4 56789 10 11 12 13 14 15 16
1, 345678 9 1011 12 13 14 15
(1n_1,2) 234567 8 9 10 11 12 13 14
(1,2,...,n) |1 223344 5 5 6 6 7 7
(F\,Fa,...,F,)|233455 6 7 7 8 9 9 10

We next generalize threshold functions.

Definition 20 (Threshold functions). Let § € Z. The 6-th n-variable thresh-
old function is the Boolean function Ty, : F3 — Fo defined by Ton(xz) =1 if
and only if wu(z) > 0.

Threshold functions form a classical and extensively studied family of Boolean
functions. They include the majority function MAJ,, : F§ — Fy, which is defined
by MAJ,(z) = 1 if and only if wy(z) > n/2, or equivalently MAJ,, = T, /97 -
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The majority function is one of the first known examples of a Boolean function
with optimal Al; see, for instance, [19]. As for the XOR function, we can write
Ton(z) = ZZ:O 1g, , (x) - ck, where ¢, = 1 if k > 6 and ¢ = 0 otherwise. This
slicewise description naturally extends to v-slices.

Definition 21 (Threshold functions on wv-slices). Let v € Z" and 6 € Z.
The 6-th n-variable threshold function on v-slices is the Boolean function Ty, :
F3 — Fo defined by Tg () = > peim(v) Ley (@) - ek, where ey, =1 if k >0 and
¢ = 0 otherwise.

By definition, Tg ,, is constant on v-slices, and hence ro(Ty ,,) < r(v). This
generalization is known as a linear threshold function and appears in threshold
logic, computational complexity, learning theory, and Fourier analysis of Boolean
functions; see, for instance, [43,45]. When v € N™ satisfies the no-gap condition
from then Im(v) = [0, x(v) — 1], and a natural analogue of the
majority function is obtained by taking 8 = |k(v)/2], yielding the generalized
majority function MAJY. For v = 1,,, this recovers MAJ,,.

We now investigate the Al of the generalized threshold function. For simplicity,
we restrict to the case where v € N". We further assume that 6 € [1,> " | v;] to
avoid cases where Ty, is constant. We first require a result on the Al of ordinary
threshold functions.

Property 2 (e.g., [9]). Let 6 € [0,n + 1]. Then the minimum degree of an annihi-
lator of Ty, has degree n — 6 + 1, while that of Ty , + 1 has degree 6. Therefore,
Al(Tg,,) = min(n — 6 +1,0).

Proposition 23. Let v € N" and let 0 € [1,) ., v;]. Define r as the minimum
Hamming weight of a Boolean vector x with (v,z) > 0, and define t as the
mazimum Hamming weight of a Boolean vector x with (v, x) < 0. Then:

min(r,n —t) <AI(Tg,,) <7

Proof. Write f =Ty ,. We first prove the upper bound. By definition of r, there
exists a € FY with wy(a) = r and (v,a) > 0. Let I = {i € [1,n] : a; = 1} and
g = [Lics i € Byn. For every x € F3, if g(x) = 1, then z; = 1 for every i € I, and
since v € N™ we get (v,2) > (v,a) > 6. Hence f(x) =1 whenever g(z) =1, s0 g
is an annihilator of f 4+ 1 of degree r. Therefore Al(f) < r.

We now prove the lower bound. Let 0 # g € B,, have degree strictly smaller
than r; then there exists € F} with wy(z) < r and g(x) = 1 (standard fact).
By definition of 7, this implies (v, z) < 6, and hence f(z) = 0. Thus, g cannot be
an annihilator of f 4 1. Similarly, let 0 # g € B,, have degree strictly smaller than
n — t; then there exists « € F§ with wy(z) > t and g(z) = 1. By definition of ¢,
this implies (v, z) > 6, and hence f(x) = 1. Thus, g cannot be an annihilator of f.
Therefore every annihilator of f + 1 has degree at least r, and every annihilator
of f has degree at least n — ¢, which gives Al(f) > min(r,n — t). O

We further consider the generalization of the OMOD3 function, which has been
recently studied in [21] as an alternative to threshold functions in Goldreich’s
pseudorandom generator [28].
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Definition 22 (OMOD3 function [21]). The n-variable OMOD3 function is
the Boolean function OMOD3,, : F} — Fy defined by OMOD3,,(z) = 1 if and only
if wy(z) = 0 mod 3.

Writing OMOD3,,(z) = >__, 1g, . () - ¢x with ¢, = 1 if k = 0 mod 3 and
cx = 0 otherwise, we can extend the definition to v-slices.

Definition 23 (0MOD3 function on v-slices). Let v € Z". The n-variable
OMOD3 function on wv-slices is the Boolean function OMOD3} : Fy — Fo defined
by OMOD3, (%) = >} ctm(v) Ley (%) - ek, where ¢ =1 if k =0mod 3 and ¢, =0
otherwise.

We now report in[Table 9 and [Table 4] the degree, Al, and NL of the generalized
majority and OMODS3 functions for n € [4,16] and for the vectors listed in
For the majority variants, the degree does not show a uniform trend across
the considered vectors: some variants have higher degree than the classical case
for most values of n, while others remain comparable or occasionally become
smaller. In contrast, both the Al and the NL decrease compared to the classical
case. For the OMOD3 variants, the degree and Al decrease, while the NL remains
comparable.

These small-dimensional experiments suggest that requiring the function to
be constant on v-slices does not, by itself, preserve the optimal cryptographic
parameters of the classical symmetric functions. This motivates the more expres-
sive constructions considered next, where the function is only required to have
low degree on each v-slice.

Table 3. Cryptographic parameters for MAJ}, for the vector families from

n

Parameter v 45 6 7 8 9 10 11 12 13 14 15 16
T T4 4 48 8 8 8 8 8 8 8 16

e (In1,2) |34 4 7 7 8 8 8 8 8 & 15 15
g (1,2,....,n) |4 4 5 6 8 7 8 11 11 11 13 15 16
(Fl,Fs,...,F)|3 4 5 5 6 7 7 8 9 9 10 11 11

1, 53 3 4 4 5 5 6 6 7 7 8 8

Al (ln_1,2) |22 3 3 4 4 5 5 6 6 7 7 8
(1,2,....m) |2 2 2 3 3 3 4 4 4 4 5 5 5
(FL,Fo,.. F)|2 2 2 2 2 2 2 2 2 2 2 2 2
T 510 22 44 03 186 386 772 1586 3172 6476 12052 26333
NL (1n_1,2) |2 6 12 29 58 130 260 562 1124 2380 4760 9949 19898
(1,2,...,n) |3 6 14 32 67 140 292 605 1244 2548 5206 10613 21585
(Fi,Fao,...,F,)|2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

6.2 Generalizations of Weightwise Degree-d Functions

Next, we turn to examples inspired by classical weightwise degree-d constructions.
We consider the hidden-weight-bit function (HWBF), introduced in [5] as a
weightwise degree-1 function and later studied from a cryptographic viewpoint
in |35.55]. We also consider two weightwise degree-2 constructions: the revisited
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Table 4. Cryptographic parameters for OMOD3?, for the vector families from

n

Parameter v 45 6 7 8 9 10 11 12 13 14 15 16
1, 15 5 7 8 8 10 11 11 13 14 14 16

deg (1n_1,2) 44 6 7 7 9 10 10 12 13 13 15 16
(1,2,...,m) |33 3 5 5 5 7 7 7 9 9 9 11
(Fi,Fs,...,F,)|3 3 5 5 5 7 8 9 9 9 11 11 11

T, 2 2 2 3 3 3 4 4 4 5 5 5 6

Al (1n—1,2) 2 2 2 3 3 3 4 4 4 5 5 5 6
(,2,...,n) |1 1 1 2 2 2 3 3 3 3 3 3 4
(F\,Fo,...,F)[1 1 2 2 2 3 3 3 3 3 4 4 4
1, 5 7 14 37 85 170 341 683 1366 2731 5461 10922 21845
NL (1n_1,2) 5 10 21 37 74 171 341 682 1365 2731 5462 10923 21845
(1,2,...,m) |2 4 8 28 56 112 296 592 1184 2736 5472 10944 21856
(Fi,Fa,...,Fn)|2 4 14 28 56 148 340 684 1368 2736 5464 10928 21856

HWBF (R-HWBF) of [40] and the filtering function of the Nostalgia cipher [12]. As
in the symmetric case, we replace Hamming-weight slices by v-slices and define
the local functions slice by slice. Taking v = 1,, recovers the original constructions.
Throughout this subsection, indices of the entries of = are taken modulo n, with
representatives in [1, n]. In particular, this means xg = x,.

Definition 24 (Hidden-weight-bit function on v-slices). Let v € Z™. The
hidden-weight-bit function (HWBF) on v-slices is the Boolean function HWBF, :
F% — Fy defined by HWBF (z) = > ketm(v) LEp (2) - fr(z), where fi(z) = zy.

Definition 25 (Revisited hidden-weight-bit function on v-slices [40]).
Let v € Z™. The revisited hidden-weight-bit function (R-HWBF) on v-slices is the
Boolean function R-HWBF, : F — Fy defined by R-HWBF; (z) = HWBF (z) +

q(x), where q(z) = S (@ + V)i o -

Definition 26 (Nostalgia filter on wv-slices). Let v € Z". The Nostalgia
filter on v-slices is the Boolean function NF, : F2 — Fy defined by NF, (z) =

> ketm(v) Ley (2) - fu(), where fi(z) = 2k + Zg{gJ T i Tl 2i—1 -

We report the degree, Al, and NL of the above generalizations for n € [4, 16]

and for the vectors listed in the HWBF variants in the R-HWBF
variants in and the Nostalgia filter variants in

Across the considered vector families, the degree remains broadly comparable
to the classical case, while the Al and NL increase moderately depending on the
choice of the vector v. For the R-HWBF, the Al is slightly improved compared
to the classical case, while the NL remains comparable. For the Nostalgia filter,
some choices of v can slightly improve the already high NL, without significantly
degrading the Al. Since the experiments are limited to n € [4, 16], even modest
differences in the reported parameters may be meaningful and suggest that the
passage from Hamming-weight slices to v-slices could lead to different trends
asymptotically. We further recall that it was shown in [35] that the Al of weightwise
degree-d functions is upper bounded by O(\/@); extending this approach to the
present setting appears non-trivial, as it relies on the specific algebraic structure
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Table 5. Cryptographic parameters for HWBFY, for the vector families from

Parameter v n
4 5 6 7 8 9 10 11 12 13 14 15 16
1, 3 4 5 6 7 8 9 10 11 12 13 14 15
deg (1,-1,2) 4 5 6 7 8 9 10 11 12 13 14 15 16
(1,2,...,n) 3 3 5 6 6 8 8 10 10 11 13 13 12
(Fy,F>,...,F,)|4 5 6 7 7 8 9 10 11 12 14 15 14
1, 2 2 3 3 4 4 4 5 5 5 5 6 6
Al (1n-1,2) 2 2 3 3 4 4 4 5 5 5 6 6 6
(1,2,...,n) 11 2 2 3 3 4 4 5 5 6 6 7
(Fy,Fa,...,F,)|2 2 3 3 4 4 5 5 5 6 7 7 7
1, 4 10 20 44 88 186 372 772 1544 3172 6344 12952 25904
NL (1,-1,2) 5 11 23 47 97 195 399 799 1627 3255 6607 13215 26761
(1,2,...,n) 2 4 18 34 92 178 396 874 1620 3716 7486 13784 30584
(Fy, Fa, ,Fp) |5 7 23 49 98 208 432 860 1836 3642 7187 14955 29428

Table 6. Cryptographic parameters for R-HWBF}, for the vector families from

n

Parameter v 45 6 7 8 9 10 11 12 13 14 15 16
T 34 5 6 7 8 9 10 11 12 13 14 15

de (1n_1,2) |45 6 7 8 9 10 11 12 13 14 15 16
5,2,....n) |33 5 6 6 8 8 10 10 11 13 13 12
(F\,Fs,...,F,)|4 5 6 7 7 8 9 10 11 12 14 15 14

T, 53 3 3 4 4 5 5 6 6 6 7 7

Al (ln1,2) |2 2 3 3 4 4 5 5 6 6 7 7 7
(1,2,....n) |2 2 2 3 4 4 4 5 6 6 7 7 7
(F,Fs,..,F,)|2 2 3 3 4 4 5 5 6 6 7 7 8
. 710 22 46 102 218 458 034 1902 3894 7842 15804 31680
\L (1n_1,2) |3 9 10 47 99 221 459 937 1909 3901 7785 15893 31901
1,2,....n) |4 12 14 46 96 208 404 918 1844 3860 7458 15892 31432
(Fi,Fs,...,F,) |3 7 21 47 108 222 462 932 1898 3866 7901 15923 32164

of classical Hamming-weight slices, which does not directly carry over to the
partitions induced by a general vector v.

Overall, these experiments show that the structure of v can noticeably influ-
ence the cryptographic parameters of the resulting functions. In contrast with the
XOR case, the generalization of weightwise degree-d functions does not collapse
to a classical construction, but leads to non-trivial variations that can be useful
for designing structured Boolean functions.

Table 7. Cryptographic parameters for NF;, for the vector families from

Parameter v n
4 5 6 7 8 9 10 11 12 13 14 15 16
1, 3 4 5 6 6 8 9 10 11 12 13 14 15
deg (15,-1,2) 4 5 6 6 7 9 10 10 12 13 13 15 16
(1,2,...,n) 2 4 5 6 6 8 10 10 10 12 13 14 12
(F1,Fs,...,Fp)|4 4 6 7 8 9 9 10 12 12 13 15 14
1, 2 2 3 3 4 5 5 5 6 6 7 7 8
Al (1,-1,2) 1 2 3 3 4 4 5 5 6 6 7 7 8
(1,2,...,n) 2 2 3 3 4 4 5 5 6 6 7 7 8
(Fy,F>,...,F,)|2 2 3 3 4 4 5 6 6 6 7 7 8
1, 4 10 22 48 104 218 456 922 1892 3874 7782 15740 31810
NL (15,-1,2) 3 11 23 46 104 217 453 940 1927 3893 7836 15849 31843
(1,2,. n) 6 8 20 46 100 218 447 944 1928 3892 7894 15952 32120
(F1, Fa, ,Fp) |3 8 19 47 105 221 458 928 1921 3896 7910 15975 32032
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